Abstract. Despite the interest in developing improved formulas for intraocular lens power calculation, there are several sources of uncertainty that may well give rise to a significant residual refractive error. Those concerning the estimation of the corneal power are reviewed. In addition, we explore the possibility of introducing changes in some unconventional parameters of the eye to compensate for defocus and illustrate their effectiveness in two cases: a natural eye and an eye that has undergone previous surgical actions (anterior refractive surgery and cataract surgery with an intraocular lens implant). The results show that changes in the refractive index, thickness, or posterior radius of the cornea have relatively little effect on the overall refractive error. However, small changes in the refractive indexes of the aqueous or the vitreous humors are highly effective, much more so than a similar amount of change in the anterior curvature of the cornea. This fact opens new and attractive possibilities to compensate for refractive error through the introduction of changes in degrees of freedom so far considered unconventional. C 2011 Society of Photo-Optical Instrumentation Engineers (SPIE).
Introduction
Defocus is one of the most common and important sources of image degradation in the visual system that needs to be compensated. Defocus is represented by the refractive error (measured in diopters, D), which accounts for the mismatch being between eye power and eye length. Symmetrical defocus caused by myopia, hyperopia, and presbyopia as well as nonsymmetrical defocus caused by astigmatism have long been corrected by means of spectacles and contact lenses. With the development of new materials, instruments, and surgical techniques in ophthalmology, great progress has been achieved in the compensation of defocus, with optical design playing an essential role. Remarkable achievements in the last few decades are based on a permanent change in some physiological component of the optical system of the eye: corneal refractive surgery (CRS) to modify the corneal curvatures, implantation of intraocular lenses (IOLs), and combined solutions. New IOL designs need, on the one hand, theoretical eye models able to predict optical imaging performance 1, 2 and on the other hand, testing methods, 3, 4 verification through in vitro and in vivo measurements, 5, 6 and clinical validation. 7 Not only does the implant of an IOL require a precise calculation but also an accurate position inside the eye. Otherwise, the effects of IOL misplacements degrade the image very quickly. 8 According to Olsen, 9 despite the efforts to target IOL power calculations for a refractive prediction <0.5 D (absolute error), ∼90% of cases fall within ± 1.0 D and 99.9% within ± 2.0 D of their targets. Higher errors are obtained in long and short eyes and patients that have undergone prior CRS. The blur due to de-focus establishes the narrowest limits for acceptability. The defocus associated with a refractive error ranging in absolute value from 0.5 to 1.0 D has been classified from troublesome to objectionable (for a 5-mm effective pupil and black letter targets). 10 Consequently, some postsurgical refractive errors may require further neutralization. To this end, corneal ablation to modify the curvature of the anterior surface of the cornea can be effective. This is in fact the preferred option in many cases, but it is not always recommendable or even possible. For instance, many patients that currently need cataract surgery underwent cornea ablation in their eyes some time ago. It is not unusual to find cases that are the result of a not very refined application of the ablation technique at its early stages-cases for which the resulting corneal thickness would not admit a second ablation in safe conditions.
In this paper, we focus on the role of IOL in defocus correction and consider the modification of other ocular parameters to compensate for possible refractive error after the IOL implant. In some problematic cases (corneal transplantation, ectasies), we explore the possibility of modifying some less conventional ocular parameters. Our analysis aims to determine which components of the eye would be the most advantageous to modify provided the necessary biocompatible materials were available.
IOL Power Formulae and First-Order Characterization of Anterior Eye
The replacement of the crystalline lens for an IOL is one of the most effective ways to compensate for both symmetric defocus and astigmatism. Assuming the thin-lens equation in first-order approximation, the IOL power (P IOL ) can be computed from the difference between the vergence of the exit or image beam (X ) and the vergence of the incident or object beam (X), that is,
11 These vergences are given by X = n q /z and X = n v /z , where n q , n v are the refractive indexes of aqueous and vitreous humors, and z and z the distances of the object and the image to the IOL plane (thin lens in Fig. 1 ), respectively. An object at infinity is imaged by a cornea with refractive power K at its focal plane (F ), placed at a distance n q /K from its back principal plane (H ), which is next to the anterior vertex of the cornea in the Gullstrand eye (GE) model. 1 It is widely known that this model does not correspond to real individual eyes. Nevertheless, despite the many limitations and simplifications of the Gullstrand four-surface model, it has been long used to generically describe the imaging optical design of the eye. We also consider the Gullstrand model to illustrate our analysis with some examples in the following sections. Assuming that the distance between the corneal anterior vertex and the IOL, named the effective lens position (ELP), can be predicted, then the object distance for the IOL is given by z = n q /K -ELP. The distance from the IOL plane to the retinal image is z = ALX -ELP, being the axial length of the eye (ALX), the distance between the anterior vertex of the cornea and the retina. From all these considerations, the first-order formula for IOL power is
Even in the simple paraxial approach, this formula has encountered many practical difficulties in application for a number of reasons concerning in vivo biometry, eye model-based formulas, and interconnected nuances. Problems arise out of three main issues: The measurement of ALX, the prediction of ELP, and the optical characterization of the cornea. In Sec. 2.1-2.3, we will briefly comment on the first two and will explain the third in more detail. The interested reader is referred, for instance, to Refs. 9, 12, and 13 for further insight in the field.
Axial Length of the Eye (ALX)
This is an essential measurement in the IOL power calculation: a 0.1-mm error in ALX is equivalent, approximately, to a refractive error of 0.27 D in the spectacle plane. But ALX has a different definition and precision depending on the measuring technique. Using ultrasound biometry ALX US is the distance measured from the anterior corneal vertex on the optical axis to the internal limiting membrane of the retina (ILM in Fig.  1 ). The common uncertainty of this technique is about 0.15 mm. Using optical coherence interferometry ALX OCI is the distance, measured on the visual axis, from the anterior corneal vertex to the retinal pigment epithelium (RPE in Fig. 1 ). The uncertainty of this technique is typically about 0.01 mm. The advantages and drawbacks of these two biometric methods in clinical practice have been detailed by researchers and clinicians elsewhere.
9, 13, 14
Prediction of the ELP
From the early formulas, many efforts have been made to improve the IOL power calculation and the accuracy in predicting the postoperative ELP. In this evolution, the formulas derived from a mathematical description of the optical system of the eye have been combined with other formulas based on statistical analysis of a large number of cases. As a result, there are four generations of IOL formulas whose significance and mathematical descriptions are reviewed in Refs. 9, 12, 13.
Optical Characterization of the Cornea
The corneal power (typically, 43 D of ∼60 D of the whole eye) is one of the most important piece of data in IOL power calculation formulas. The refractive power of the anterior corneal surface is easily measurable by keratometry or topography with precisions of 0.018 mm (0.1 D), approximately, but the posterior surface geometry has been technically more difficult to determine. Initially, a simplified single-surface model was adopted for the cornea [ Fig. 2(a) ], whose refractive power is
where the anterior refractive index n a is assumed to be the index of the air (1.0), n s is the posterior refractive index, f s is the focal length measured from the anterior corneal vertex, and R 1 is the anterior radius of the cornea. Generally, the value taken for n s does not correspond to any real anatomical component; instead, it averages the effects of both the cornea and the aqueous humor. In this one-surface cornea model, keratometers commonly replace the cornea and aqueous with one effective medium with keratometric refractive index of 1.3375 (e.g., Javal-Schötz keratometer), similar to those physiologic indexes of the tear film, aqueous, and vitreous humor indexes (1.336). There is also a practical reason to take n s = 1.3375 in Eq. (2): it relates two round numbers, a corneal power of 45.00 D for a radius of curvature of 7.50 mm. 15 However, as we will see later, n s = 1.3315 is the value necessary to take in Eq. (2) to obtain a refractive power equivalent to that of the cornea in the GE model. 16, 17 The value of n s has been a matter of controversy for years. Some authors refer it to an obscure origin, 15 whereas some others try to clarify it. 9, 18 Depending on the instrument, clinical keratometers and topographers calculate the corneal power taking either n s = 1.3315 (Zeiss instruments) or n s = 1.3375 (Javal-Schötz keratometer). This ambiguity in the value of n s can be an important source of uncertainty in the calculated corneal power for a given curvature radius. For example, for a typical anterior corneal radius of R 1 = 7.7 mm and, according to Eq. (2), the difference in the corneal power reaches P s = 0.78 D when changing the refractive index n s from 1.3315 to 1.3375. Thus, if no information about the value taken for n s is available, the error in the corneal power can be relatively high.
Nowadays, the posterior surface of the cornea can be characterized with a precision of ∼0.16 D (0.03 mm) using the slit-scan topography or the Scheimpflug topography. Consequently, it is appropriate to apply a better approximation that considers a thick lens model for the cornea [ Fig. 2(b) ], that is, an association of three optical materials with refractive indexes: n a (air), n c (cornea), and n q (aqueous humor) and two spherical surfaces of radii R 1 and R 2 separated by a distance e. More advanced models consider the asphericity of the cornea and its influence in the aberrations of the eye; 2, [19] [20] [21] however, because we are interested in defocus, a first-order approach and spherical surfaces will suffice in our study. In such a context, the paraxial characterization of the cornea is given by the following expressions of the power:
and the positions of the front and back principal points (H,H ) with respect to the anterior V 1 and posterior V 2 vertexes:
In Eqs. (3)- (5), the refractive powers of the anterior and posterior corneal surfaces are given by P 1 = (n c -n a )/R 1 and P 2 = (n q -n c )/R 2 , respectively. Other common parameters are the back vertex focal length f bv = V 2 F , which differs from the focal length f d = H F , in the corneal thickness [ Fig. 2(b) ], and the back vertex corneal power, which can be expressed as
The back vertex focal length is widely used when dealing with ophthalmic meniscus because it is a good approximation to the focal length and much easier to measure. All three quantities P s , P d , P bv , though different, are commonly used for the value of K in Eq. (1) and, consequently, the accuracy in calculating the IOL power is affected. Let us further illustrate the use of these quantities. (3)- (6) . The refractive power of the cornea is 43 D, being the anterior surface the major contributor by far. The positions of the front and back principal points H,H are almost coincident, and they are also very close to the anterior corneal vertex V 1 in the double surface model of the cornea. 1 In the single-surface model, the front and back principal points coincide with one another and with the surface vertex as well. These results, sketched in Fig. 2 , justify the use of a single surface model placed at the anterior vertex as a good approximation to the real double surface cornea. This explanation must be included wherever the approximation of the single-surface model of the cornea needs to be clarified. Although it is not absolutely essential, it is a good option for the single-surface model of the cornea to keep the same anterior index (air) and the same anterior curvature R 1 . To complete the approach, it is then necessary to calculate the value of the refractive index n s , equivalent to the joint contribution of cornea and aqueous humor, what can be done by taking P s = P d , that is, making Eq. (2) equal to Eq. (3). The result was derived for GE model by Haigis, 18 who obtained n s = 1.3315. A poorer approach takes P s = P bv ; that is, makes Eq. (2) equal to Eq. (6) and computes n s , which turns out to be n s = 1.3375. Despite the fact that it leads to a less accurate result, this value is used in most of the clinical keratometers. Although some researchers have pointed out the confusion concerning the value of n s , there still is some ambiguity in the clinical practice and in the literature. It must be emphasized that the index of the aqueous humor n q is before the crystalline lens, not the fictitious and misleading n s , and that there is no plane surface between the cornea and the lens, as it appears in some anterior eye models (see, e.g., Table 1 
in Ref. 3).
When the radii ratio R 1 /R 2 or the cornea thickness are different from those values of the GE model, then the approach of the cornea by a single surface must be revised and the values calculated for n s can be no longer valid. Patients who have undergone CRS do not commonly fulfill the Gullstrand ratio because the curvature and general geometry of their anterior corneal surface has been modified (see, e.g., the numerical example of a real case in Sec. 3.3). In these cases, the more complete doublesurface model of the cornea must be adopted prior to calculate the IOL power. 18 Summing up, as a general practice, it is recommendable to replace the single-surface model of the cornea for the doublesurface model because of the following:
1. Technological advances allow reliable measurements of the posterior corneal surface. 2. The number of patients whose ocular parameters differ significantly from those of the GE model is increasing due to the extended application of all forms of CRS.
3. There is an increasing demand to calculate IOL power more accurately.
Other Degrees of Freedom for Defocus Compensation
IOLs have proved very effective in compensating for defocus and astigmatism in patients who undergo cataract surgery. IOLs are currently proposed as alternative to CRS when high ametropy, corneal pathology, or presbyopia are present. However, it is difficult to precisely calculate the refractive power of the IOL to implant, to ensure the final position of IOL after surgery, and yet there are differences between a real human eye and the eye model used for the calculation. Moreover, a real eye that has undergone previous corneal surgery usually presents additional difficulties to be modeled with enough precision. These facts lead to a postoperative refractive error that may be somewhat distant from targeted values and may require additional correction of defocus. A complementary CRS is sometimes applied to compensate for this postoperative refractive error, but important drawbacks may arise, particularly in patients who have already undergone this kind of surgery before the IOL implant. A new IOL implant to replace the former one can compensate the error. Another design of IOL, including some closer to the gradient index profile of the natural eye 1, 2,22 can be tried. The difficulties of the previous implant, however, will appear yet again.
In this section, we analyze other permanent changes in the optical system of the eye to compensate for a residual refractive error: changes in the refractive index, thickness or posterior radius of the cornea, and changes in the refractive indexes of the aqueous or the vitreous humors. All of them would require a surgical action, and to the best of our knowledge, they have been neither proposed nor implemented yet in clinical practice. We analyze their effectiveness taking, as an example, the GE model. We consider two variants: GE and an IOL implanted GE (IGE). The latter can be described as the GE with the lens removed and an IOL implanted instead. As for the IOL, we consider an optical component characterized by the following parameters: R 1 = 19.35 mm, R 2 = -19.35 mm, d = 1.164 mm, n = 1.55 mm, ELP = V 1 L 1 = 5.50 mm, which is representative of currently available monofocal acrylic IOLs.
Let us first study the effect of small parameter changes in the refractive error in both the GE and IGE using first-order optical ray tracing. When there is no refractive error, the far object point, conjugate to the retina, is at infinity. After introducing a small change (of about ± 1, ± 2, ± 3%) in one of the parameters of the eye, the refractive error can be computed through the calculation of the new position of the far point. The vergence of the far object point, relative to the anterior vertex of the eye, gives the refractive error (Table 1 and Fig. 3 ). Atchison and Smith 1 carried out this sort of analysis for the GE, but there is a difference to point out from our study. They computed the refractive error through the vergence of the far object point relative to the first principal plane of the eye. Because the principal planes change in their positions with the parameter changes, we have chosen the anterior vertex of the eye because is a more stable origin to refer distances to the far object point. Certainly, both calculations yield very close values for the refractive errors, the differences between them hardly reach 10 − 3 D. Atchison and Smith 1 used paraxial mathematical modeling and paraxial ray tracing to investigate the effect of a small change in each optical parameter. Whenever is possible, we compare their results to ours, as detailed in the following sections. Fig. 3 Graphs corresponding to data contained in Table 1 . The refractive error induced is plotted versus a change in a parameter (n c , R 2 , e, n q , n v ) for GE and IGE.
Change of Corneal Parameters
CRS modifies the anterior corneal surface. There are three other degrees of freedom in the cornea on which one may think to act: the refractive index, the thickness, and the posterior radius of curvature. From Table 1 and Fig. 3 , the effects in the refractive error induced by a change of ± 1, ± 2, and ± 3% in the corneal refractive index or a change of ± 50, ± 100, and ± 150 μm in the corneal thickness are modest and the effect induced by a change of ± 1, ± 2, and ± 3% in the corneal posterior radius is very small. These results agree with those obtained by Atchison and Smith. 1 We have computed the effects induced by these parameter changes on the position of the corneal principal planes H, H as well. As it derives from Fig. 4 , the corneal principal points remain close together and slightly shifted away from the anterior corneal vertex. The effects of such parameter changes remain constant for both the GE and IGE (Table 1, Fig. 3 ).
For defocus compensation, a change in one of the three corneal parameters considered above is of little effectiveness in the GE cornea. According to Atchison and Smith, 1 about three times lesser than a change in the corneal anterior curvature. In addition, an anterior curvature change is compatible with a nonsymmetrical shape to compensate for both defocus and astigmatism. These properties clearly justify the anterior CRS. However, as we will see in Sec. 3.2, other parameter changes can even be more effective.
Change of Humor Refractive Indexes
In the GE, a small change in the refractive index of the crystalline lens has a much more important effect on the refractive error than a similar variation in any other lens parameter (thickness, anterior, and posterior curvatures). Thus, for instance, Atchison and Smith 1 computed a refractive error of − 2.298 D induced by a change of + 1% in the refractive index of the crystalline lens, whereas it was inferior to + 0.05 D for the same amount of variation in either its anterior or posterior radius. Nowadays, there are IOLs with a variety of refractive indexes, from about the Gullstrand core lens index value (1.4) to remarkably higher values (1.55). From a practical point of view, these high values of the IOL refractive index increase the index difference between the lens and both the aqueous and vitreous humors, thus allowing lower lens curvatures and thinner thicknesses. This facilitates the insertion of the IOL in the eye.
The effects of changes in the refractive indexes of the aqueous and the vitreous humors are very interesting. From Table 1 and Fig. 3 , we see that they are very effective, of opposite sign and of different magnitude. In the case of the GE, the refractive errors we calculated for a + 1% change in the refractive indexes of both humors (− 0.813 D for the aqueous humor and + 1.689 D for the vitreous humor) agree with those computed by Atchison and Smith, 1 which in turn are much higher values than the refractive error they obtained for a similar change in the corneal anterior curvature (+ 0.483 D). We remark on this fact because, at least theoretically, a change in the refractive index of one of these two humors can be much more effective than a change in the corneal anterior curvature to achieve the targeted refractive result. Note that in eyes with the vitreous cavity filled with silicone oil, the refractive index of the oil is 1.4034, which represents + 5% with respect to the refractive index of natural vitreous humor (1.336). In these cases, an additional power must be added to the original IOL calculation as it was reported and formulated by Meldrum et al. 23 Clearly, the refraction indexes of the aqueous and vitreous humors constitute two additional and effective degrees of freedom to exploit in the development of new techniques for refraction error compensation, and this is a key proposal of this work. These new techniques, which also entail a challenge to develop biocompatible materials with the requested optical properties, could be applicable to natural eyes and to eyes with some prior surgical action. In the case of GE, small changes in the refractive index of the aqueous humor are less effective than changes in the vitreous humor (Table 1 and Fig. 3 ). In the case of IGE, the effectiveness of changes in the refractive indexes of the aqueous and the vitreous humors are strongly dependent on the refractive index of the implanted IOL. If the IOL has a relatively high refraction index, such as in the IGE of Table 1 , then changes in the aqueous humor are more efficient than changes in the vitreous humor. This technique of modifying the refractive index of the eye humors would be adequate to compensate for symmetrical defocus, such as that caused by spherical ametropia, but it is not clearly applicable to compensate for astigmatism, unless the material injected had specific nonsymmetrical optomechanical properties or could be provided with them by means, for instance, of laser radiation. We also think that it would be promising that the material used to replace the aqueous or vitreous humor showed dispersive characteristics that could compensate for the chromatic aberration of the eye in some extent. The results presented in Table 1 and Fig. 3 would not be exactly the same if gradient index profiles had been considered for the lens (crystalline or IOL), but they would still show the general tendencies.
Numerical Example of a Real Case
We present the real case of a patient who received corneal ablative refractive surgery (LASIK) and some years later required cataract surgery with IOL implantation. The numerical data of this case are contained in Table 2 . Corneal thickness and corneal anterior and posterior curvature radii were measured by Scheimpflug topography. The IOL parameters were supplied by the manufacturer; the ELP was determined by ultrasounds and the ALX by partial coherence interferometry. As previously stated, IOL power calculation following all forms of CRS is problematic and, consequently, the final refractive result may still end up with the so-called refractive surprise. In our case, the postoperative refractive error was estimated through the subjective refraction three months after the intervention and it turned out to be − 1.25 D.
The paraxial characterization of the cornea after CRS has been computed using Eqs. (2)- (6) and the data provided. It can be seen that the principal planes of the cornea are again very close to one another, but the distance from the anterior vertex to them is somewhat longer than in the GE. The quantities P s ,P d ,P bv , which represent the corneal power, also vary from the GE, and the values obtained are significantly different, depending on whether the single-or double-surface model is considered. Finally, there is good agreement between the calculations of the refractive error (− 1.290 D) and the subjective refraction (− 1.25 D), assuming that the minimum step for subjective refraction in clinical practice is ± 0.25 D. This result leads to an unacceptable loss of visual acuity 10 and a need for defocus compensation. Of course, spectacles or contact lenses Table 2 ).
would be a solution. Apart from that and in accordance with the study carried out in Sec. 3.1 and 3.2, we explore the possibility of targeting emmetropy by modifying some other eye parameters among n c , R 2 , n q , n v , e. Table 3 shows the resulting refractive errors after introducing slight changes in each parameter. We can see that a − 2% change in n q , for instance, would achieve emmetropy in practice (with just a refractive error of + 0.170 D). Other good options would be a + 1% change in n v (which produces a refractive error of just − 0.231 D) and + 2% in n c (which produces a refractive error of just − 0.217 D). In the last case, the relative importance of a change in the n c can be explained because of the flattening of the anterior corneal surface after CRS (R 1 = 8.82 mm in Table 2 ).
Conclusions
Apart from spectacles and contact lenses, permanent modifications of the anterior eye optical system, either anterior refractive surgery or IOLs or both, are commonly applied to compensate for defocus. Defocus compensation can be dealt with in first-order (Gaussian) optics, and this sort of correction is prior to other compensation intended for high-order aberrations. In the case of IOLs, although there has been an increasing interest in developing new and improved formulas for IOLs power calculation, there still are several sources of uncertainty that may well give rise to a residual refractive error. The sources of this uncertainty that are related to the cornea have been reviewed in this paper. They are particularly important in the case of patients who have undergone CRS. We have explored the possibility of introducing changes in other parameters of the eye to compensate for the refractive error and have illustrated their effectiveness in some cases: GE, IGE, and a real human eye that has undergone anterior refractive surgery and cataract surgery with IOL implant. The results show that changes in the corneal refractive index, thickness, or posterior radius of curvature have relatively little effect on the overall refractive error. However, small changes in the refractive indexes of the aqueous or the vitreous humors are highly effective, much more than a similar amount of change in the anterior curvature of the cornea. This fact opens new and attractive possibilities to compensate for defocus, through the introduction of changes in degrees of freedom that have been considered unconventional up until now. Our results agree with the results formerly obtained by Atchison and Smith for the GE. 1 Although some questions arise concerning biocompatibility, stability, and drainage, the great progress experienced in the generation of new materials allows us to consider our proposal as the basis of promising upcoming techniques.
